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Introduction

Kamiokande-II and IBM detector observed 20 neutrino events from 
SN1987A in LMC.

What will next galactic supernova bring…?

This event taught us much neutrino information.
average energy, luminosity, emission duration.



Neutrino oscillations in CCSNe
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MSW resonance
~ O(1000 km)

Collective oscillation
~ O(10-100 km) Vacuum oscillation

~ outside SN

Neutrino oscillation causes mixing among neutrino flavors, and 
enable us not to understand detected events easily.

νe

νµ

ντ

Big problems in neutrino physics.
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Neutrino mass ordering
Rep. Prog. Phys. 76 (2013) 056201 S F King and C Luhn
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Figure 1. The probability that a particular neutrino mass state
contains a particular SM state may be represented by colours as
shown in the key. Note that neutrino oscillation experiments only
determine the difference between the squared values of the masses.
Also, while m2

2 > m2
1, it is presently unknown whether m2

3 is heavier
or lighter than the other two, corresponding to the left and right
panels of the figure, referred to as normal or inverted mass squared
ordering, respectively. Finally, the value of the lightest neutrino
mass (sometimes referred to as the neutrino mass scale) is presently
unknown and is represented by a question mark in each case.

According to quantum mechanics it is not necessary that the
SM states νe, νµ, ντ be identified in a one-one way with the
mass eigenstates ν1, ν2 and ν3, and the matrix elements of U

give the quantum amplitude that a particular SM state contains
an admixture of a particular mass eigenstate. The probability
that a particular neutrino mass state contains a particular SM
state may be represented by colours as in figure 1. Note
that neutrino oscillations are only sensitive to the differences
between the squares of the neutrino masses #m2

ij ≡ m2
i −m2

j ,
and gives no information about the absolute value of the
neutrino mass squared eigenvalues m2

i . There are basically two
patterns of neutrino mass squared orderings consistent with the
atmospheric and solar data as shown in figure 1.

As with all quantum amplitudes, the matrix elements of
U are expected to be complex numbers in general. The lepton
mixing matrix U is also frequently referred to as the Maki–
Nakagawa–Sakata (MNS) matrix UMNS [3], and sometimes the
name of Pontecorvo is added at the beginning to give UPMNS.
The standard parametrization of the PMNS matrix in terms of
three angles and at least one complex phase, as recommended
by the Particle Data Group (PDG) [5], will be discussed later.

Before getting into details, here is a quick executive
summary of the implications of neutrino mass and mixing
following from figure 1:

• Lepton flavour is not conserved, so the individual lepton
numbers Le, Lµ, Lτ are separately broken

• Neutrinos have tiny masses which are not very hierarchical
• Neutrinos mix strongly unlike quarks
• The SM parameter count is increased by at least seven new

parameters (three neutrino masses, three mixing angles
and at least one complex phase)

• It is the first (and so far only) new physics beyond the SM

The idea of neutrino oscillations was first confirmed in
1998 by the Japanese experiment Super–Kamiokande (SK) [6]
which showed that there was a deficit of muon neutrinos
reaching Earth when cosmic rays strike the upper atmosphere,
the so-called ‘atmospheric neutrinos’. Since most neutrinos
pass through the Earth unhindered, Super-Kamiokande was
able to detect muon neutrinos coming from above and below,
and found that while the correct number of muon neutrinos
came from above, only about a half of the expected number
came from below. The results were interpreted as half the muon
neutrinos from below oscillating into tau neutrinos over an
oscillation length L of the diameter of the Earth, with the muon
neutrinos from above having a negligible oscillation length,
and so not having time to oscillate, yielding the expected
number of muon neutrinos from above.

In 2002, the Sudbury Neutrino Observatory (SNO) in
Canada spectacularly confirmed the flavour conversion in
‘solar neutrinos’ [7]. The experiment measured both the flux
of the electron neutrinos and the total flux of all three types of
neutrinos. The SNO data revealed that physicists’ theories of
the Sun were correct after all, and the solar neutrinos νe were
produced at the standard rate but were oscillating into νµ and
ντ , with only about a third of the original νe flux arriving at the
Earth.

Since then, neutrino oscillations consistent with solar
neutrino observations have been seen using man made
neutrinos from nuclear reactors at KamLAND in Japan [8]
(which, for the first time, observed the periodic pattern
characteristic for neutrino oscillations), and neutrino
oscillations consistent with atmospheric neutrino observations
have been seen using neutrino beams fired over hundreds
of kilometres as in the K2K experiment in Japan [9], the
Fermilab-MINOS experiment in the US [10] or the CERN-
OPERA experiment in Europe. Further long-baseline neutrino
beam experiments are in the pipeline, and neutrino oscillation
physics is entering the precision era, with superbeams and a
neutrino factory on the horizon.

Following these results several research groups showed
that the electron neutrino has a mixing matrix element of
|Ue2| ≈ 1/

√
3 which is the quantum amplitude for νe to contain

an admixture of the mass eigenstate ν2 corresponding to a
massive neutrino of mass m2 ≈ 0.008 electronvolts (eV) or

greater (where
√

m2
2 − m2

1 ≈ 0.008 eV). By comparison the
electron has a mass of about half a megaelectronvolt (MeV).
Put another way, the mass state ν2 contains roughly equal
probabilities of νe, νµ and ντ sometimes called trimaximal
mixing, corresponding to the three equal red, green and blue
colours associated with m2

2 in figure 1. The muon and
tau neutrinos were observed to contain approximately equal
amplitudes of the third neutrino ν3 of mass m3, |Uµ3| ≈
|Uτ3| ≈ 1/

√
2, where a normalized amplitude of 1/

√
2

corresponds to a 1/2 fraction of ν3 in each of νµ and ντ , leading
to a maximal mixing and oscillation of νµ ↔ ντ . Put another
way, the mass state ν3 contains roughly equal probabilities of
νµ and ντ called maximal mixing, corresponding to the two
equal green and blue colours associated with m2

3 in figure 1.
Interestingly, the value of m3 is not determined and it could
be anywhere between zero and 0.3 eV, depending on the mass

3

Normal ordering
NO

Inverted ordering
IO

(©King+ RPPh 2013)
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Neutrino oscillation

Neutrino oscillations have three types in supernovae.

i (@t + v ·r) ⇢⌫ = [Htot, ⇢⌫ ]
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Collective neutrino oscillation

~1058 neutrinos are emitted from a SN in ~10 seconds.
Dense neutrino gas causes neutrino-neutrino interaction near the proto-
neutrino star.
Neutrino self-interaction induces collective flavor conversions.

PNS

~O(10-100 km)

νi

νk
θ

φ

Ψ(t, {r, Θ, Φ}, {E, θ, φ}) : 7-dimension
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Collective neutrino oscillation

ν

ν

The ``BULB model’’ to simplify the neutrino self-interaction.
• Homogeneous, Isotropic, Stationary emission
• Axial-symmetry in direction
• 1-dimensional SN model
• Neutrinos propagate free-streamingly.

Ψ({r}, {E, θ}) : 3-dimension

(Duan+ PRD 2006, Dasgupta+ PRD 2008)

N_flavor ×N_E ×N_θ = O(107) ODE systems
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Spectral splits

(Duan+ PRL, PRD 2006)

nificant flavor transformation for a broad range of energies.
This sets in, e.g., at r ! 80 km if the entropy-per-baryon in
the hot bubble is S " 140 in units of Boltzmann’s constant
kB. This simultaneous conversion of !" and !!" quickly
spreads to all neutrino and antineutrino trajectories, lead-
ing to coherent, collective flavor oscillations of the entire
neutrino and antineutrino field. For the inverted mass
hierarchy, the opposite is true: radially propagating neu-
trinos and antineutrinos transform first.

These features of flavor development can be seen in
Fig. 2. The survival probability at location t along a given
neutrino’s world line is, e.g., for a neutrino which is
initially electron flavor, P!e!e#t; #0; E!$ " jaee#t$j2. In
Fig. 2 we show the energy-spectrum-averaged survival
probabilities hP!!i for !e and !!e as functions of r for
both the normal and the inverted neutrino mass hierarchy
cases. Here the energy averages are over the initial energy
spectra for each flavor. It is clear that flavor evolution along
different trajectories can be different, yet it is also evident

that neutrinos and antineutrinos can undergo simultaneous,
significant medium-enhanced flavor conversion. Our simu-
lations show that this conversion can take place over broad
ranges of neutrino and antineutrino energy. We have also
performed simulations using the single-angle approxima-
tion widely adopted in the literature. These give results
qualitatively similar to our multiangle calculations, as
shown in Fig. 2. The collective neutrino flavor transforma-
tion observed in our simulations is not the ‘‘synchronized’’
mode described in Ref. [7 ]. In the normal mass hierarchy
case, neutrinos or antineutrinos in the synchronized mode
undergo one-time transformation in the same way as does a
neutrino with energy psync [7 ]. There would be little syn-
chronized flavor transformation in the inverted neutrino
mass hierarchy.

The collective neutrino flavor transformation evident in
Fig. 2 is likely of the ‘‘bipolar’’ type as described in
Ref. [20]. In this mode, neutrinos and antineutrinos expe-
rience in-phase, collective, semiperiodic flavor oscilla-
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FIG. 3 (color online). Plots of survival probabilities P!! for neutrinos (left panels) and antineutrinos (right panels) as functions of
both neutrino energy E! and emission angle #0 at radius r " 225 km. The upper panels employ a normal neutrino mass hierarchy, and
the lower panels employ an inverted neutrino mass hierarchy.
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produce results qualitatively similar to those in the multi-
angle simulations, and yet do not involve complicated
entanglement of neutrino flavor transformation on different
trajectories. They are therefore easier to understand. In
Sec. IVA we will try to explain some of the results pre-
sented in Sec. III B with the help of these simplified
calculations. In Sec. IV B we will study how the onset of
large-scale collective neutrino flavor transformation is re-
lated to the neutrino luminosity L!. We will comment on
the validity of the single-angle approximation at the end of
this section.

Unless otherwise stated, all the simulations discussed in
this section have the same parameters as those in Sec. III,
i.e., j"m2j ! 3" 10#3 eV2, #! 0:1, L! ! 1051 erg=s
and S! 140, but are based on the single-angle
approximation.

A. Neutrino flavor transformation in the bi-polar mode

The novel features of neutrino flavor transformation in
the hot bubble region are easier to understand in the

formalism of NFIS (Neutrino Flavor Iso-Spin) [17] than
in the traditional formalism of the wave functions. In
Fig. 8 , we plot h&x$r%i, h&y$r%i and h&z$r%i, the three com-
ponents of the average NFIS’s in flavor space, for !e and !!e
in both the scenarios with a normal mass hierarchy and
with an inverted mass hierarchy. (The three components of
the NFIS’s are averaged over the initial neutrino or anti-
neutrino energy spectra.) We note that the probability for a
neutrino or antineutrino initially in the $ flavor state to be
in the electron flavor state is related to &z by
 

P!$!e !
1

2
& &!$z; (47a)

P !!$ !!e !
1

2
# & !!$z: (47b)

Comparing Fig. 8 with Fig. 4, one sees that the results of
single-angle simulations are qualitatively the same as those
obtained in the full multiangle simulations. We also note
that in the region where neutrinos transform, the NFIS’s of
both neutrinos and antineutrinos have large values of &x
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nificant flavor transformation for a broad range of energies.
This sets in, e.g., at r ! 80 km if the entropy-per-baryon in
the hot bubble is S " 140 in units of Boltzmann’s constant
kB. This simultaneous conversion of !" and !!" quickly
spreads to all neutrino and antineutrino trajectories, lead-
ing to coherent, collective flavor oscillations of the entire
neutrino and antineutrino field. For the inverted mass
hierarchy, the opposite is true: radially propagating neu-
trinos and antineutrinos transform first.

These features of flavor development can be seen in
Fig. 2. The survival probability at location t along a given
neutrino’s world line is, e.g., for a neutrino which is
initially electron flavor, P!e!e#t; #0; E!$ " jaee#t$j2. In
Fig. 2 we show the energy-spectrum-averaged survival
probabilities hP!!i for !e and !!e as functions of r for
both the normal and the inverted neutrino mass hierarchy
cases. Here the energy averages are over the initial energy
spectra for each flavor. It is clear that flavor evolution along
different trajectories can be different, yet it is also evident

that neutrinos and antineutrinos can undergo simultaneous,
significant medium-enhanced flavor conversion. Our simu-
lations show that this conversion can take place over broad
ranges of neutrino and antineutrino energy. We have also
performed simulations using the single-angle approxima-
tion widely adopted in the literature. These give results
qualitatively similar to our multiangle calculations, as
shown in Fig. 2. The collective neutrino flavor transforma-
tion observed in our simulations is not the ‘‘synchronized’’
mode described in Ref. [7 ]. In the normal mass hierarchy
case, neutrinos or antineutrinos in the synchronized mode
undergo one-time transformation in the same way as does a
neutrino with energy psync [7 ]. There would be little syn-
chronized flavor transformation in the inverted neutrino
mass hierarchy.

The collective neutrino flavor transformation evident in
Fig. 2 is likely of the ‘‘bipolar’’ type as described in
Ref. [20]. In this mode, neutrinos and antineutrinos expe-
rience in-phase, collective, semiperiodic flavor oscilla-
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Flavor conversions above a critical energy

Neutrinos Anti-neutrinos



Collective effects vs. Matter effects
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Neutrino sphere

radius r1

θ

Neutrino self-interaction maintains 
coherence among different neutrino 
trajectories.

On the other hand,

Different neutrino trajectories give the 
different effective potential from 
background electrons.
This causes phase dispersion.

(Esteban-Pretel+ PRD 2008)

• Matter effects > neutrino self-interaction
→ Collective neutrino oscillation can be suppressed.

• Matter effects < neutrino self-interaction
→ Collective flavor transformation occurs.
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Vacuum oscillation
Mass difference

Matter oscillation
Density profile

Collective neutrino oscillation
Neutrino trajectory & Neutrino spectraPhase dispersion

vs.
Phase synchronization
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From a systematic study of the flavor evolution at different
time snapshots during the accretion phase, we find (i) a
complete matter suppression of the self-induced transfor-
mations for tpb& 0:2 s, (ii) partial matter suppression for
0:2 s & tpb& 0:35 s, and (iii) again complete suppression
for 0:35 s & tpb& 0:6 s. This feature suggests a time-
dependent pattern for the ! conversions, i.e., complete-
partial-complete suppression.

The behavior, analyzed for this specific example of the
10:8M! SN explosion model, is generic also for more
massive iron-core SNe. It is independent from the explo-
sion scenarios and applies also for nonexploding models.
Indeed, in any case, the density of the material, enclosed
inside the standing bounce shock, can only increase due to
mass accretion from the iron-core envelope. Only after the
onset of an explosion, when mass accretion vanishes, does
the matter density decrease. However, for the low-mass
O-Ne-Mg-core SNe, where the matter density profile is
very steep, the suppression is never complete. As a con-
sequence, the different features induced by the dense mat-
ter effects on the oscillations may allow us to distinguish
iron-core SNe from O-Ne-Mg-core SNe [25].

Our results have been obtained considering a spherically
symmetric neutrino emission. All the previous analysis in
the field has relied on this assumption to make the flavor
evolution equations numerically tractable. It remains to
be investigated if the removal of a perfect spherical
symmetry can provide a different behavior in the flavor
evolution [26]. Moreover, in multidimensional SN models,
density fluctuations are expected behind the standing
bounce shock, due to the presence of convection and
hydroinstabilities. These can range at most between 10%
to a factor of 2–3 (see, e.g., [14,27]). Therefore, even in this
case, the matter suppression of the collective oscillations
will still remain relevant. This claim is supported by a
recent analysis of the matter suppression, performed with
two-dimensional SN simulations [28].

Oscillated SN neutrino fluxes.—Figure 4 shows the !!e

distribution function at the neutrinosphere (solid thin
curve), as well as after self-induced and matter effects at
r ¼ 2# 103 km (solid thick curve). We compare the case
of complete matter suppression at tpb¼ 0:1 s (left panel,
where the thin and thick solid curves coincide) and com-
plete flavor mixture at tpb¼ 0:3 s (right panel). We also

show the oscillated flux for ne ¼ 0, where a complete
!!e ! !!x swap occurs (dashed curve). The difference in
the final !!e flux with or without matter suppression is
striking. It is plausible that a high-statistics detection of a
future galactic SN ! signal would monitor the abrupt
spectral changes between the phases of complete and
partial matter suppression, probing this scenario. These
peculiar time variations in the ! signal during the accretion
would represent also a new tool to extract information
on the ! mass ordering, since the effects of dense
matter would show up only in the case of inverted mass
hierarchy.
Earth matter effect.—A further consequence of the mat-

ter suppression is a significant change in the interpretation
of the Earth matter effect on the SN ! signal during the
accretion phase, occurring when !’s oscillate inside the
Earth before being detected (see, e.g., [29]). In the case of
complete matter suppression of the self-induced oscilla-
tions (at tpb& 0:2 s for iron-core SNe), the observable SN
! fluxes at Earth have been already calculated in the
literature, antecedent to the inclusion of the collective
effects. For definiteness, here we consider the Earth effects
on the !!e spectrum, observable through inverse beta decay
reactions !!e þ p ! nþ eþ at large volume Cherenkov or
scintillation detectors (see, e.g., [19]).
The !!e flux at Earth, FD

!!e
in the normal mass hierarchy

for any value of the mixing angle "13, is given by FD
!!e
¼

cos2"12F !!e
þ sin2"12F !!x

[19], where "12 is the 1–2 mixing
angle, with sin2"12 ’ 0:3 [21]. In the inverted mass
hierarchy case, for ‘‘large’’ "13 (i.e., for sin

2"13 * 10%3),
FD

!!e
¼F !!x

, while, for ‘‘small’’ "13 (i.e., for sin
2"13&10%5),

FIG. 3 (color online). Radial profiles of the !!e survival proba-
bility Pee at selected postbounce times from multiangle simula-
tions in matter (dark gray continuous curves) and for ne ¼ 0
[light gray (pink) curve].

FIG. 4. Distribution functions for !!e at the neutrinosphere
(solid thin curve) and after self-induced and matter effects at
r ¼ 2# 103 km (solid thick curve) in the case of complete
matter suppression (Pee ¼ 0 at tpb¼ 0:1 s, left) and complete

flavor mixture (Pee ¼ 1=2 at tpb¼ 0:3 s, right). For comparison,

the oscillated !!e spectra obtained for ne ¼ 0 are also shown
(dashed thin curve).

PRL 107, 151101 (2011) P HY S I CA L R EV I EW LE T T E R S
week ending

7 OCTOBER 2011

151101-3

(Chakraborty+ PRD 2011, Zaizen+ PRD 2018)

Fig. 4. This means that the single-angle approximation
enhances the flavor conversion in spite of the high electron
density. In order to obtain physically reliable results for
neutrino oscillation, we must adopt the multiangle approxi-
mation including the matter suppression.
Figure 6 shows the radial evolution of the survival

probability of electron neutrinos Pee at 20 MeVat the other
time steps, tpb ¼ 30, 100, 500 ms. We find that the multi-
angle matter suppression dominates over collective neutrino
oscillation at all time steps. In the low-density case, flavor
conversion starts at r ∼ 400 km for tpb ¼ 100 ms. The onset

of collective neutrino oscillation is delayed, compared with
tpb ¼ 500 and 600 ms. Figure 7 shows the strength of the
neutrino self-interaction and the matter effect at the corre-
sponding time steps. As the shock wave is still located
around r ∼ 100 km at tpb ¼ 100 ms, the radius satisfying
μ ∼ λ=100 is large. However, it is small at tpb ¼ 500 and
600 ms. Therefore, the development of the flavor instability
is slow at tpb ¼ 100 ms.
On the other hand, at tpb ¼ 30 ms, when the neutroni-

zation burst occurs, the flavor transition cannot be seen
for both cases in Fig. 6. In this phase, the excess of νe
flux, ΦðνeÞ ≫ ΦðνxÞ ≫ Φðν̄eÞ, is achieved [49]. We can
describe bipolar oscillations as the simultaneous pair
conversion of νe ↔ νx and ν̄e ↔ ν̄x. This excess situation
suppresses the bipolar conversions and causes only
synchronized oscillations due to the large neutrino-anti-
neutrino asymmetry [13]. These synchronized oscillations
are also suppressed by the high density. Therefore, collec-
tive neutrino oscillations do not occur at the neutroniza-
tion burst.

B. The MAA instability

Next, we show the linearized analysis results in the
normal mass ordering at tpb ¼ 600 ms as a representative
case. Figure 8 shows the density profile for our failed
supernova model and the unstable regions with the growth
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FIG. 6. The radial evolution of Pee at 20 MeV in the standard case (red solid line) and the low-density case (green dotted line) at 30
(left), 100 (middle), and 500 ms (right).
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Failed SNe with 40 M☉Iron CCSNe with 10.8 M☉

CNO is suppressed in SNe with low mass progenitor at early time, 
especially at accretion phase.

CNO is completely suppressed in SNe with heavy progenitor at all time.
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Limitation of BULB model?

ν

ν

The BULB model requires many symmetries & assumptions.
• Stationary emission
• 1-dimensional SN model
• Directional axial-symmetry
• Homogeneous, Isotropic emission
• Neutrinos propagate free-streamingly.

Ψ({r}, {E, θ}) : 3-dimension
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Symmetry breaking

The BULB model – three types of symmetries
• Stationary emission → Temporal instability
• 1-dimensional SN model → Homogeneous instability
• Axial-symmetry in direction → Multi-azimuthal angle instability

ivr@r⇢⌫ = [Htot, ⇢⌫ ]
<latexit sha1_base64="giOXJack3sSqeKWAWrPo2ahbZLY="></latexit><latexit sha1_base64="giOXJack3sSqeKWAWrPo2ahbZLY="></latexit><latexit sha1_base64="giOXJack3sSqeKWAWrPo2ahbZLY="></latexit>

3-dimensional EoM --> 7-dimensional EoM

⇢⌫ (t, {r,⇥,�}, {E, ✓,'}) : 7 dimension
<latexit sha1_base64="z5URh220zxCPln45Ki39zw0RJoM="></latexit><latexit sha1_base64="z5URh220zxCPln45Ki39zw0RJoM="></latexit><latexit sha1_base64="z5URh220zxCPln45Ki39zw0RJoM="></latexit><latexit sha1_base64="k72b5WyzLe+0Szd9QmLqyDAT998="></latexit><latexit sha1_base64="MN43Ns6je9W1Hx9/6XjU+upBDUg="></latexit><latexit sha1_base64="MN43Ns6je9W1Hx9/6XjU+upBDUg="></latexit><latexit sha1_base64="mMN3jxowA8SITi8bruIO9eSMznA="></latexit><latexit sha1_base64="z5URh220zxCPln45Ki39zw0RJoM="></latexit><latexit sha1_base64="z5URh220zxCPln45Ki39zw0RJoM="></latexit><latexit sha1_base64="z5URh220zxCPln45Ki39zw0RJoM="></latexit><latexit sha1_base64="z5URh220zxCPln45Ki39zw0RJoM="></latexit><latexit sha1_base64="z5URh220zxCPln45Ki39zw0RJoM="></latexit>

i(@t + vr@r + vT ·rT )⇢⌫ = [Htot, ⇢⌫ ]
<latexit sha1_base64="dDmZDtZ17LDSHHiKF8/1NbPl+J0="></latexit><latexit sha1_base64="dDmZDtZ17LDSHHiKF8/1NbPl+J0="></latexit><latexit sha1_base64="dDmZDtZ17LDSHHiKF8/1NbPl+J0="></latexit>
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Stability analysis

⇢⌫ =

✓
f⌫e fh⌫e | ⌫xi

fh⌫x | ⌫ei f⌫x

◆
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fh⌫e | ⌫xi
<latexit sha1_base64="jCHkr6iyJLQTRGgdkYgHtafMboQ="></latexit><latexit sha1_base64="jCHkr6iyJLQTRGgdkYgHtafMboQ="></latexit><latexit sha1_base64="jCHkr6iyJLQTRGgdkYgHtafMboQ="></latexit>

Initially this is zero.
No flavor evolution

Off-diagonal components of density matrix express the transitions 
from one flavor to another.
We can investigate unstable modes to evaluate the growth rate of
transition term.

If ImΩ < 0, we think this is unstable at a radius r.

fh⌫e | ⌫xi / e�i⌦r
<latexit sha1_base64="uvthyi1hJV503qbR+pfTBzr2ia0="></latexit><latexit sha1_base64="uvthyi1hJV503qbR+pfTBzr2ia0="></latexit><latexit sha1_base64="uvthyi1hJV503qbR+pfTBzr2ia0="></latexit>

i(@t + vr@r + vT ·rT )⇢⌫ = [Htot, ⇢⌫ ]
<latexit sha1_base64="dDmZDtZ17LDSHHiKF8/1NbPl+J0="></latexit><latexit sha1_base64="dDmZDtZ17LDSHHiKF8/1NbPl+J0="></latexit><latexit sha1_base64="dDmZDtZ17LDSHHiKF8/1NbPl+J0="></latexit>
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Stability analysis

We solve this linearized equation.

p & v・k arises from derivative term ∂t & v・∇.
BULB model ignores p & v・k terms.


�! + �̄� p� vT · k

vr
� ⌦p,k

�
Qp,k =

µ

vr

Z
d�0 (1� v · v0) g0Q0

p,k
<latexit sha1_base64="4lccH2kpATsafuAxLeUO2mVCGxg="></latexit><latexit sha1_base64="4lccH2kpATsafuAxLeUO2mVCGxg="></latexit><latexit sha1_base64="4lccH2kpATsafuAxLeUO2mVCGxg="></latexit>

i(@t + vr@r + vT ·rT )⇢⌫ = [Htot, ⇢⌫ ]
<latexit sha1_base64="dDmZDtZ17LDSHHiKF8/1NbPl+J0="></latexit><latexit sha1_base64="dDmZDtZ17LDSHHiKF8/1NbPl+J0="></latexit><latexit sha1_base64="dDmZDtZ17LDSHHiKF8/1NbPl+J0="></latexit>

Linearize

fh⌫e | ⌫xi =

Z
dpdk e�i(pt+vt·k)Qp,k e�i⌦p,kr

<latexit sha1_base64="7bA6fUxfWDNsOA7CJFoLjVZXy80="></latexit><latexit sha1_base64="7bA6fUxfWDNsOA7CJFoLjVZXy80="></latexit><latexit sha1_base64="7bA6fUxfWDNsOA7CJFoLjVZXy80="></latexit>
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Axial-symmetry breaking

Add an azimuthal-angle term in neutrino trajectories.
This requires angular binning of Nφ ≦ 100, less than Nθ ~ 1000 ?

H⌫⌫ =

Z
d�0

 
1� vr,uvr,u0 �

p
uu0R

2
⌫

r2 cos('� '
0)

vr,uvr,u0

!
(⇢⌫ � ⇢̄⌫)

<latexit sha1_base64="KJfgRKJxjYQ+S3djySym/KAUmZg="></latexit><latexit sha1_base64="KJfgRKJxjYQ+S3djySym/KAUmZg="></latexit><latexit sha1_base64="KJfgRKJxjYQ+S3djySym/KAUmZg="></latexit>
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Axial-symmetry breaking

large, the unstable region shifts to larger !-values [17]
as shown in Fig. 1 for all three cases. We have used
blackbody-like zenith distribution (uniform on 0!u!1)
where q bimodal ¼ 1=2þ 1=

ffiffiffi
3

p
$ 1:077, qMZA¼1=2%

1=
ffiffiffi
3

p
$%0:077 and qMAA ¼ %1=2. On the horizontal

axis in Fig. 1, we use !j as a variable, so the physical !
range is very different for the 3 cases.

Numerically it appears that for large !", the instability
occurs for #j!& !", where #j is a coefficient different for
each case. It also appears that for the bimodal and MZA
cases, actually #j & jq jj and we roughly have !"& j!jj.
Note that !" ¼ $!þ "& jqMZAj! ¼ 0:077!, so that, for
reasonable values of $, the matter density " would have to
be negative—the MZA instability is self-suppressed by the
unavoidable effect of neutrinos themselves, and plays no
role in a realistic SN situation. On the other hand, we find
the new MAA instability the least sensitive to matter
effects, as the instability region shifts only for much larger
interaction strength (#MAA & 6jqMAAj).

Schematic SN example.—During the SN accretion
phase, the matter effect can be so large as to suppress
collective flavor conversions [18,33,34]. In Fig. 2 we
juxtapose the instability regions for the IH bimodal and
the new NH MAA instabilities for a simplified SN model.
We use single energy and blackbody-like emission at the
neutrino sphere, ignoring the halo flux [35]. We choose
physical parameters R, !ðRÞ, and $ that mimic the more
realistic 15M) accretion-phase model used in our previous
study [18,35]. We show the region where %r > 1, i.e.,
where the growth rate is deemed ‘‘dangerous.’’ We also
show "ðrÞ, where the shock wave is seen at 70 km.

The matter profile never intersects the bimodal instabil-
ity region; i.e., this instability is suppressed everywhere in
this specific SN example. On the other hand, "ðrÞ intersects
the MAA instability region just outside the shock wave.
This simplified case illustrates that the MAA instability
can arise in SN models where the bimodal instability is
suppressed. It also shows that the ‘‘danger spots’’ are in

very different places, although it remains to be seen if this
finding is generic.
Conclusions.—All previous studies of self-induced

neutrino conversion in SNe or the early universe were based
on the false premise that solutions of the equations of motion
would inherit the symmetries of the initial or boundary
conditions. We have shown that azimuth-angle instabilities
are a generic phenomenon of collective neutrino oscillations.
Every single case in the previous literature with enforced
axial symmetry may have missed the dominant effect.
We have linearized the equations of motion around the

initial state of neutrinos in flavor eigenstates. The system
then shows either the bimodal or the MAA instability, but
not both. (For more complicated spectra that would lead to
multiple spectral splits [14], the bimodal instability occurs
for positive spectral crossings, the MAA instability for
negative ones.) However, evolved bimodal solutions,
where the off diagonal % entries are not small, may still
become ’-unstable, and the other way round.
Both instabilities can be suppressed by matter, but the

required density is larger for MAA. Therefore, it is not
necessarily clear if collective flavor conversions are ge-
nerically suppressed during the SN accretion phase, an
important question for possible neutrino mass hierarchy
determination [5]. For those cases where suppression is not
effective, dedicated numerical studies are needed.

NH

IH
ne m

N
Ye

10 9
g cm 3

10 11

10 10

10 8

10 7

10 6

10 5

100 100050 300 500
0.1

1

10

102

103

104

103 102 10 1 0.1

r km

km
1

km 1

FIG. 2 (color online). Region where %r > 1 for IH (blue) and
NH (red), depending on radius r and multiangle matter potential
" for our simplified SN model. Thick black line: SN density
profile. Thin dashed lines: Contours of constant electron density,
where Ye is the electron abundance per baryon. (The IH case
corresponds to Fig. 4 of Ref. [18], except for the simplified
spectrum used here.)

0 20 40 60 80 100 120 140
0

1

2

3

4

5

j 0

0

0
MZ A

Bim odal

MAA

FIG. 1 (color online). Growth rate % for blackbody-like zenith
distribution, single energy *!0, and $ ¼ 1=2. Black line: All
cases for !" ¼ "þ $! ¼ 0 (no matter effect). Other lines:
Indicated unstable cases for !" ¼ 300j!0j.

PRL 111, 091101 (2013) P HY S I CA L R EV I EW LE T T E R S
week ending

30 AUGUST 2013

091101-4

by the MAA instability in case A is consistent with what
was presented in [34], where an ordered behavior in the
final ν spectra under MAA effects was found for large
flavor asymmetries (ε≳ 1). Moreover, the symmetry
between the effects of the bimodal instability in IH and
the MAA one in NH has been recently pointed out with a
simple toy model in [32].
Finally, in Fig. 5, we show the initial (dashed curves) and

final fluxes (continuous curves) for e (black curves) and x
(light curves) flavors and for neutrinos (left panels) and
antineutrinos (right panels). We consider both MZA and
MAA effects. The upper panels show the NH, while the
lower panels refer to IH. We realize that the final spectra are
remarkably similar in both hierarchies. In particular,
neutrino spectra present a split at E ≃ 12 MeV. The split
is sharper in IH where it is driven by the bimodal instability.
The ν̄ spectra are swapped with respect to the initial ones.
In particular, as expected from the swap function of Fig. 3,
the swap is more complete in IH, where deviations from a
complete swap are confined to low energies (E ≲ 2 MeV).

C. Case C

The gω spectrum for case C (Fig. 1 lower panel) has been
widely studied in the axial symmetric case as representative
of energy spectra with a flux ordering Nνx ≳ Nνe ≳ N ν̄e and

energy spectra with multiple crossing points leading to
multiple splits around these points (see, e.g., [22–26]).
Remarkably, with spectra of type C, one expects both the
hierarchies to be unstable under MAA and bimodal effects,
since spectra present both positive (unstable in NH for
MAA effects and in IH for the bimodal ones) and negative
(unstable in IH for MAA effects and in NH for the bimodal
ones) crossings. In Fig. 6, we show the radial evolution of
the function κobtained solving Eqs. (6) and (7). The left
panels refer to NH, while the right ones to IH. Different
from case A, these two equations will have simultaneous
solutions in both hierarchies. Therefore, in the upper
panels, we show the solutions of Eq. (6) (bimodal insta-
bility), while in lower panels, we refer to Eq. (7) (MAA
instability). As in Fig. 3, continuous curves refer to MZA,
while dashed ones are for SZA.We remark that Eq. (6) have
a couple of solutions ðγ;κÞ corresponding to positive and
negative γ, respectively (see, e.g., [35]). However, in the
following, we will show only the case with the larger κ.
Starting from the NH case, we see that in the SZA situation,
both bimodal and MAA effects produce a sharp rise in κ
around r≃ 40 km. Therefore, low-radii conversions would
be possible in these cases. Since both instabilities are
comparable (peak value of κ≃ 1.2), one expects that both
would equally contribute to the further flavor evolution.
Passing now to the MZA case, as expected from [35], the

FIG. 5 (color online). Case A. MZA and MAA flavor evolution for ν’s (left panel) and ν̄’s (right panel) in NH (upper panels) and IH
(lower panels). Energy spectra initially for νe (black dashed curves) and νx (light dashed curves) and after collective oscillations for νe
(black continuous curves) and νx (light continuous curves).

MULTI-AZIMUTHAL-ANGLE INSTABILITY FOR … PHYSICAL REVIEW D 90, 033004 (2014)

033004-7

(Raffelt+ PRL 2013, Chakraborty+ PRD 2014)

This axial-symmetry breaking indicates that CNO is more unstable in 
the normal mass ordering than in the inverted ordering.
This feature is distinct from the BULB model!
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Spatial-symmetry breaking

Neutrinos are emitted from the 
``neutrino line’’, not the neutrino sphere.

Simply studies often use a two-beam 
model, which has a single angle.
(Of course, multi-angle beam model is 

more realistic.)

2

FIG. 1. A schematic diagram of the two dimensional (neutrino) Line model. Each point on the x-axis or the “neutrino Line”
emits neutrino beams with emission angles # within range [�#max,#max].

II. THE NEUTRINO LINE MODEL

A. Equations of motion

In the stationary, two-dimensional (neutrino) Line model neutrinos and antineutrinos are emitted from the x-axis
or the “neutrino Line” and propagate in the x-z plane (see Fig. 1). We assume that the neutrinos and antineutrinos
are of single energy E and the same normalized angular distribution g(#) such that the number fluxes of the neutrino
and antineutrino within angle range [#,# + d#] are n⌫g(#)d# and n⌫̄g(#)d#, respectively, where # is the emission
angle of the neutrino beam, and n⌫ and n⌫̄ are the (constant) total number densities of the neutrino and antineutrino,
respectively. The flavor quantum states of the neutrino and antineutrino of emission angle # and at position (x, z)
are given by density matrices ⇢#(x, z) and ⇢̄#(x, z), respectively [15]. We use the normalization condition

tr⇢ = tr⇢̄ = 1 (1)

such that the diagonal elements of a density matrix give the probabilities for the neutrino or antineutrino to be in the
corresponding weak-interaction states. With these conventions the self-interaction potential for ⇢#(x, z) in the Line
model can be written as

H⌫⌫,#(x, z) = µ

Z
[⇢#0(x, z)� ↵⇢̄#0(x, z)] [1� cos(#� #0)]g(#0) d#0, (2)

where µ =
p
2GFn⌫ with GF being the Fermi coupling constant, and ↵ = n⌫̄/n⌫ . In the Line model the strength of

the neutrino self-interaction µ is constant. In realistic astrophysical environments such as core-collapse supernovae,
however, µ can decrease with increasing distance from the neutrino source.

The flavor evolution of the neutrino or antineutrino is governed by the equation of motion (EoM)

iv# ·r⇢# = [Hvac + Hmat + H⌫⌫,#, ⇢#], (3)

where v# is the unit vector that denotes the propagation direction of the neutrino with emission angle #, and Hvac

and Hmat are the standard vacuum mixing Hamiltonian and matter potential, respectively. In this work we assume
the mixing between two active neutrino flavors ⌫e and ⌫⌧ with small vacuum mixing angle ✓v ⌧ 1. Therefore,

H! = Hvac + Hmat ⇡
(�� ⌘!)

2

✓
1 0
0 �1

◆
=

(�� ⌘!)

2
�3, (4)

where � =
p
2GFne with ne being the net electron number density, ⌘ is a parameter which takes a value of either +1

or �1 for the normal neutrino mass hierarchy (NH, the mass-squared difference �m2 > 0) or the inverted hierarchy
(IH, �m2 < 0), and ! = |�m2

|/2E is the vacuum oscillation frequency of the neutrino. Eq. (3) can also be written
in a more explicit form:

i(cos#@z + sin#@x)⇢# =
(�� ⌘!)

2
[�3, ⇢#] + µ

Z
[1� cos(#� #0)] [⇢#0 � ↵⇢̄#0 , ⇢#] g(#

0) d#0. (5)

The EoM for ⇢̄# is the same as Eq. (5) except with replacement ! ! �!.

JCAP04(2016)043

x

z

z=0

L
θ

R
θ

L
v

R
v

Figure 1. Geometry of the line model used for the flavor evolution. Neutrinos and antineutrinos are
emitted in two directions in a plane from every point of an infinite linear source (angles have been
exaggerated for clarity). The flavor evolution is along ẑ, with fluctuations along x̂ and time.

2.2 Evolution of Fourier modes in the line model

To study the role of these fluctuations concretely, we choose as toy-model of neutrino emission
the line model where the growth of these instabilities is easily calculable. The geometry of
the model is shown in figure 1. Neutrinos and antineutrinos are emitted in the x�z plane, in
two directions vL = cos#L x̂+sin#L ẑ and vR = cos#R x̂+sin#R ẑ, as shown. The dynamics
is confined to this plane, though one may also think of this as a 3 dimensional problem with
rotational symmetry around the x-axis. We consider neutrinos and antineutrinos emitted
with a single energy E0, so that

!0 =
|�m2

|

2E0
. (2.12)

This fixes the frequency scale of flavor evolution. Therefore, the spectrum is given by

g!,v =
⇥
� �(! + !0) + (1 + ✏)�(! � !0)

⇤
⇥

⇥
�(v � vL) + �(v � vR)

⇤
, (2.13)

which implies the normalization �⌫ = (�⌫̄e � �⌫̄µ)/2. �⌫ and � are constant along x and in
t but vary along z. Away from the source, the neutrino flavor composition can depend on z,
as well as x and t. The boundary conditions on P!,v will have to be specified along both x
and t at z = 0, and break the corresponding space-time translation symmetries.

The flavor evolution can be studied using Fourier modes of the polarization vectors.
Eq. (2.9) can be converted to a tower of ordinary di↵erential equations by decomposing the
polarization vectors into their constituent Fourier modes labeled by p and k [23–25]. One
writes

P!,v(t, x, z) =
X

p,k

e�i(pt+kx)Pp,k
!,v(z) , (2.14)

where p, k are the temporal and spatial frequency modes of the polarization vector. Using
this decomposition, one gets a tower of equations for the Fourier modes Pp,k

!,v,

vz@zP
p,k
!,v = i(p+ vxk)P

p,k
!,v � (!B� �L)⇥Pp,k

!,v +
X

p0,k0,!0,v0

µv P
p�p0,k�k0

!0,v0 ⇥Pp0,k0
!,v . (2.15)

For our model, we have the simplifications, µv = µ(1� vL · vR), !0 only picks up the modes
at ±!0, and v = vL or vR. The velocity components, vx and vz, being di↵erent for the L and
R modes, produce multi-angle e↵ects in additional to the spatial and temporal symmetry
breaking in our set-up.

– 4 –
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Spatial-symmetry breaking
5

FIG. 2. (Color online) The flavor evolution of the neutrino gas in the two-beam line model with the inverted (IH, top panels)
and normal (NH, middle panels) neutrino mass hierarchies, various antineutrino-to-neutrino density ratios [↵ = 0.6 (left), 0.7
(middle) and 0.8 (right)], and sinusoidal initial perturbations described in the text. All the calculations have the same density
of the neutrinos which is proportional to the neutrino self-coupling strength µ. The top and middle panels show the angle-
averaged polarization components hP3i of the neutrinos as functions of x and z, and the bottom panels show the evolution of
these components over z when averaged over x. Also shown in the bottom panels are the values predicted by the pendulum
model (dotted curves) and the equilibrium values P eq

3 in the IH calculations (dot-dashed lines).

hP3(x, z)i demonstrates a residue mirror symmetry about
the middle line of the box because of the left-right sym-
metry in the initial condition. The overall flavor evolu-
tion patterns displayed in the top panels of Fig. 2 with
different values of ↵ are very similar. Initially, the neu-
trino gas behaves like a flavor pendulum: the neutrino
polarization vectors remain in their initial states for a
long time before quickly swinging towards the opposite
flavor states and coming back up again. The approx-
imate x-translation symmetry is preserved during this
pendulum-like flavor evolution until the m = 1 mode
becomes significant. After that, the large-scale flavor
structures along the x direction begin to break down into
small-scale structures as z increases. The overall flavor
conversion at large z increases with ↵ for a fixed value of
µ.

The initial conditions in the NH cases shown in the
middle panels of Fig. 2 are the same as in the IH cases

except

✏�1 = 2✏+1 = �2⇥ 10�4. (26)

Because the homogeneous mode is perturbed symmetri-
cally (i.e., ✏+0 = ✏�0 ) and because the flavor pendulum is
stable with ⌘ = +1, the neutrino gas does not experi-
ence significant flavor conversion until the m = 1 mode
becomes significant. Similar to the IH cases, the large-
scale flavor structures also break down into small-scale
ones in the NH cases as z increases. But compared to
their IH counterparts, hP3(x, z)i with the NH develop
more prominent stream-like structures that are localized
in the x direction and extended along the z direction.
These stream-like flavor structures result in the “stream-
lines of the neutrino flux” observed in Ref. [20].

The results shown in the bottom panels of Fig. 2 sug-
gest that, although the initial flavor evolution of the neu-
trino gas can be sensitive to the neutrino mass hierarchy
and the initial condition at z = 0, the overall flavor con-
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FIG. 2. (Color online) The flavor evolution of the neutrino gas in the two-beam line model with the inverted (IH, top panels)
and normal (NH, middle panels) neutrino mass hierarchies, various antineutrino-to-neutrino density ratios [↵ = 0.6 (left), 0.7
(middle) and 0.8 (right)], and sinusoidal initial perturbations described in the text. All the calculations have the same density
of the neutrinos which is proportional to the neutrino self-coupling strength µ. The top and middle panels show the angle-
averaged polarization components hP3i of the neutrinos as functions of x and z, and the bottom panels show the evolution of
these components over z when averaged over x. Also shown in the bottom panels are the values predicted by the pendulum
model (dotted curves) and the equilibrium values P eq

3 in the IH calculations (dot-dashed lines).

hP3(x, z)i demonstrates a residue mirror symmetry about
the middle line of the box because of the left-right sym-
metry in the initial condition. The overall flavor evolu-
tion patterns displayed in the top panels of Fig. 2 with
different values of ↵ are very similar. Initially, the neu-
trino gas behaves like a flavor pendulum: the neutrino
polarization vectors remain in their initial states for a
long time before quickly swinging towards the opposite
flavor states and coming back up again. The approx-
imate x-translation symmetry is preserved during this
pendulum-like flavor evolution until the m = 1 mode
becomes significant. After that, the large-scale flavor
structures along the x direction begin to break down into
small-scale structures as z increases. The overall flavor
conversion at large z increases with ↵ for a fixed value of
µ.

The initial conditions in the NH cases shown in the
middle panels of Fig. 2 are the same as in the IH cases

except

✏�1 = 2✏+1 = �2⇥ 10�4. (26)

Because the homogeneous mode is perturbed symmetri-
cally (i.e., ✏+0 = ✏�0 ) and because the flavor pendulum is
stable with ⌘ = +1, the neutrino gas does not experi-
ence significant flavor conversion until the m = 1 mode
becomes significant. Similar to the IH cases, the large-
scale flavor structures also break down into small-scale
ones in the NH cases as z increases. But compared to
their IH counterparts, hP3(x, z)i with the NH develop
more prominent stream-like structures that are localized
in the x direction and extended along the z direction.
These stream-like flavor structures result in the “stream-
lines of the neutrino flux” observed in Ref. [20].

The results shown in the bottom panels of Fig. 2 sug-
gest that, although the initial flavor evolution of the neu-
trino gas can be sensitive to the neutrino mass hierarchy
and the initial condition at z = 0, the overall flavor con-
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FIG. 2. (Color online) The flavor evolution of the neutrino gas in the two-beam line model with the inverted (IH, top panels)
and normal (NH, middle panels) neutrino mass hierarchies, various antineutrino-to-neutrino density ratios [↵ = 0.6 (left), 0.7
(middle) and 0.8 (right)], and sinusoidal initial perturbations described in the text. All the calculations have the same density
of the neutrinos which is proportional to the neutrino self-coupling strength µ. The top and middle panels show the angle-
averaged polarization components hP3i of the neutrinos as functions of x and z, and the bottom panels show the evolution of
these components over z when averaged over x. Also shown in the bottom panels are the values predicted by the pendulum
model (dotted curves) and the equilibrium values P eq

3 in the IH calculations (dot-dashed lines).

hP3(x, z)i demonstrates a residue mirror symmetry about
the middle line of the box because of the left-right sym-
metry in the initial condition. The overall flavor evolu-
tion patterns displayed in the top panels of Fig. 2 with
different values of ↵ are very similar. Initially, the neu-
trino gas behaves like a flavor pendulum: the neutrino
polarization vectors remain in their initial states for a
long time before quickly swinging towards the opposite
flavor states and coming back up again. The approx-
imate x-translation symmetry is preserved during this
pendulum-like flavor evolution until the m = 1 mode
becomes significant. After that, the large-scale flavor
structures along the x direction begin to break down into
small-scale structures as z increases. The overall flavor
conversion at large z increases with ↵ for a fixed value of
µ.

The initial conditions in the NH cases shown in the
middle panels of Fig. 2 are the same as in the IH cases

except

✏�1 = 2✏+1 = �2⇥ 10�4. (26)

Because the homogeneous mode is perturbed symmetri-
cally (i.e., ✏+0 = ✏�0 ) and because the flavor pendulum is
stable with ⌘ = +1, the neutrino gas does not experi-
ence significant flavor conversion until the m = 1 mode
becomes significant. Similar to the IH cases, the large-
scale flavor structures also break down into small-scale
ones in the NH cases as z increases. But compared to
their IH counterparts, hP3(x, z)i with the NH develop
more prominent stream-like structures that are localized
in the x direction and extended along the z direction.
These stream-like flavor structures result in the “stream-
lines of the neutrino flux” observed in Ref. [20].

The results shown in the bottom panels of Fig. 2 sug-
gest that, although the initial flavor evolution of the neu-
trino gas can be sensitive to the neutrino mass hierarchy
and the initial condition at z = 0, the overall flavor con-

Two-dimensional, but two-beam line model (θ=π/4).

Large-scale structures along x-direction begin to break down into 
small-scale structures as z increases.
Small-scale structures require much fine x-binning (Nx = 60,000)… 

(Martin+ arXiv 2019)

i (vr@r + vT ·rT ) fh⌫e | ⌫xi
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Temporal instability

p arises from time derivative ∂t. This expresses a pulsating mode.

Pulsation mode p can cancel density term λ.
If λ is large enough to suppress CNO completely, instability with 
pulsation mode p~λ can grow up exponentially.


�! + �̄� p� vT · k

vr
� ⌦p,k

�
Qp,k =

µ

vr

Z
d�0 (1� v · v0) g0Q0

p,k
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Temporal instability

JCAP04(2016)043

Figure 5. Amplitudes of the o↵-diagonal components of the di↵erent np modes, Aeµ, as a function
of the distance from the neutrino source z and of the Fourier mode with index np, for the models A
(left panel) and B (right panel). See the text for details.

Figure 6. Comparison linear vs nonlinear growth of Aeµ for di↵erent Fourier modes of the models
A (left panel), and B (right panel) respectively.

dispersion associated with a large matter term that would otherwise suppress the flavor
conversions.

We have considered several scenarios, with varying matter and neutrino densities, find-
ing that the time instability propagates in the Fourier space exciting in cascade di↵erent
Fourier modes. The development of this cascade crucially depends on the adiabaticity of the
matter and neutrino potential. We have shown that the linearized solution of the equations
of motion can be a valuable tool to find the growing modes and to predict the flavor evo-
lution till non-linearities and non-adiabatic features become important. However, the linear
theory does not account for the interaction among di↵erent Fourier modes that can enhance
or reduce the development of the pulsating modes.

This raises the possibility that a specific pulsating mode may experience large growth
and eventually lead to flavor decoherence, especially if there is a slowly varying or relatively

– 12 –

Initially modes at np~100 are excited.
Thereafter excited modes are shifted into slower pulsating modes as 
density declines (z decreases).

Possibility that flavor conversion can occur inside the shock wave at 
accretion phase?

(Capozzi+ JCAP 2016)

p =
np

100
�̄

�̄� p = 0 ! np ⇠ 100
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Neutrino halo effect on collective neutrino oscillation 
in iron core-collapse supernova
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Neutrino halo effect

ν

ν

θm

θout

Some fraction of neutrinos emitted from neutrino sphere can experiences 
a direction-changing scattering.
These neutrinos have wider-intersection angles, and can have impact on 
CNO. (Cherry+ PRL 2012)

(1� cos ✓ cos ✓0)
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Inward neutrino flux

ν

ν

Inward-scattered neutrinos destroy the bulb model.
We have to simulate CNO with iteration. But this is still a static case.

In order to calculate CNO within the bulb framework, inward flux needs 
to be ignored, compared with outward flux.

(1� cos ✓ cos ✓0) > 1
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Inward neutrino flux

Previous study (Cherry+ PRD 2013) employed an O-Ne-Mg SN model.
• It has a steep density gradient.

4 B. Müller
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Figure 1. Density profiles of several low-mass supernova progenitors il-
lustrating the conditions for ECSN-like explosions. Profiles are shown for
the 8.8M� ECSN-progenitor of Nomoto (1984, 1987) (N8.8, black), the 8.8
M� “failed massive star” of Jones et al. (2013) (J8.8, purple), low-mass
iron core progenitors (A. Heger, private communication) of 9.6M� (z9.6,
with Z=0, red) and 8.1M� (u8.1, with Z = 10�4, blue), and iron progenitors
with 10.09M� and 15M� (s10.09 and s15, from Müller et al. 2016b, yellow
and cyan) and 11.2M� (s11.2 from Woosley et al. 2002, green). The thick
dashed vertical line roughly denotes the location of the shell that reaches the
shock 0.5 s after the onset of collapse. Slanted dashed lines roughly demar-
cate the regime where the accretion rate onto the shock reaches 0.05M� s�1

(thick dashed line), 5 ⇥ 10�3 M� s�1 (thin), and 5 ⇥ 10�4 M� s�1 (thin) (see
Section 2.1.2 for details and underlying assumptions). ECSN-like explosion
dynamics is expected if the density profile intersects the grey region.

2.1 Explosion Dynamics in ECSN-like Progenitors

2.1.1 Classical Electron-Capture Supernova Models
The steep density gradient outside the core in ECSN-like
progenitors is immediately relevant for the dynamics of the
ensuing supernova because it implies a rapid decline of the
mass accretion rate Ṁ as the edge of the core reaches the
stalled accretion shock. A rapid drop in Ṁ implies a decreas-
ing ram pressure ahead of the shock and a continuously in-
creasing shock radius (though the shock remains a stationary
accretion shock for at least ⇠50 ms after bounce and longer
for some ECSN-like progenitor models). Under these condi-
tions, neutrino heating can easily pump su�cient energy into
the gain region to make the accreted material unbound and
power runaway shock expansion. As a result, the neutrino-
driven mechanism works for ECSN-like progenitors even
under the assumption of spherical symmetry. Using modern
multi-group neutrino transport, this was demonstrated by Ki-
taura et al. (2006) for the progenitor of Nomoto (1984, 1987)
and confirmed in subsequent simulations by di↵erent groups
(Janka et al. 2008; Burrows et al. 2007b; Fischer et al. 2010).
The explosions are characterised by a small explosion en-
ergy of ⇠1050 erg (Kitaura et al. 2006; Janka et al. 2008) and
a small nickel mass of a few 10�3M� (Wanajo et al. 2009).

Even though multi-dimensional e↵ects are not crucial for
shock revival in these models, they are not completely neg-
ligible. Higher entropies at the bottom of the gain layer lead
to convective overturn driven by Rayleigh-Taylor instability

shortly after the explosion is initiated (Wanajo et al. 2011).
Simulations in axisymmetry (2D) showed that this leads to
a modest increase of the explosion energy in Janka et al.
(2008); an e↵ect which is somewhat larger in more recent
models (von Groote et al., in preparation). The e↵ect of
Rayleigh-Taylor overturn on the ejecta composition is, how-
ever, much more prominent (see Section 2.2).

2.1.2 Conditions for ECSN-like Explosion Dynamics
Not all of the newly available supernova progenitor mod-
els at the low-mass end (Jones et al. 2013, 2014; Woosley
& Heger 2015b) exhibit a similarly extreme density profile
as the model of Nomoto (1984, 1987); in some of them the
density gradient is considerably more shallow (Figure 1).
This prompts the questions: How steep a density gradient
is required outside the core to obtain an explosion that is
triggered by a rapid drop of the accretion rate and works
with no or little help from multi-D e↵ects? In reality, there
will obviously be a continuum between ECSN-like events
and neutrino-driven explosions of more massive stars, in
which multi-D e↵ects are crucial for achieving shock revival.
Nonetheless, a rough distinction between the two di↵erent
regimes is still useful, and can be based on the concept of
the critical neutrino luminosity of Burrows & Goshy (1993).

Burrows & Goshy (1993) showed that stationary accre-
tion flow onto a proto-neutron star in spherical symmetry
is no longer possible if the neutrino luminosity L⌫ (which
determines the amount of heating) exceeds a critical value
Lcrit(Ṁ) that is well approximated by a power law in Ṁ with
a small exponent, or, equivalently, if Ṁ drops below a thresh-
old value for a given luminosity. This concept has recently
been generalised (Janka 2012; Müller & Janka 2015; Summa
et al. 2016; Janka et al. 2016) to a critical relation for the
(electron-flavour) neutrino luminosity L⌫ and neutrino mean
energy E⌫ as a function of mass accretion rate Ṁ and proto-
neutron star mass M as well as additional correction factors,
e.g., for shock expansion due to non-radial instabilities.

For low-mass progenitors with tenuous shells outside the
core, M, L⌫, and E⌫ do not depend dramatically on the stel-
lar structure outside the core during the early post-bounce:
The proto-neutron star mass is inevitably M ⇡ 1.4M�, and
since the neutrino emission is dominated by the di↵usive
neutrino flux from the core, the neutrino emission proper-
ties are bound to be similar to the progenitor of Nomoto
(1984), i.e. one has L⌫ ⇠ 5 ⇥ 1052 erg s�1 and E⌫ ⇡ 11 MeV
(Hüdepohl et al. 2009), with a steady decrease of the lumi-
nosity towards later times. Using calibrated relations for the
“heating functional”2 L⌫E2

⌫ (Janka et al. 2016), this translates
into a critical mass accretion rate of Ṁcrit ⇡ 0.07M� s�1 for
ECSN-like progenitors.

To obtain similarly rapid shock expansion as for the
8.8M� model of Nomoto (1984), Ṁ must rapidly plummet
well below this value. This can be translated into a condi-

2This compact designation for L⌫E2
⌫ has been suggested to me by H.-

Th. Janka.

PASA (2016)
doi:10.1017/pas.2016.xxx

Neutrino halo is produced by neutrino-nucleon/nucleus scattering.
• After density gradient, scattering becomes much smaller.
• Inward scattering is also much less.

(Muller 2016)



27

Inward neutrino flux

We employ iron core-collapse SN model with 9.6M☉, not O-Ne-Mg SNe.
à Need to expand neutrino halo effects.
à What distribution do inward-going neutrinos have?
à How situation can we ignore them?

We compare inward-going contribution with outward-going one.
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Inward neutrino flux

Outward-propagating neutrinos vs. inward-scattered neutrinos
If contribution ratio Hin/Hout is sufficiently small, we can ignore the inward 

scattered flux.

ν

ν ν
θ'out

θout

θin

h1� cos ✓outi�⌫out vs. h1� cos ✓ini�⌫in
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At 86 ms
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At 186 ms
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Density profile (left panels)
Halo distribution (right panels)

Inward scattering is stronger inside the 
shock wave.

RCNO = O(102) km
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CNO w/o halo

The onset radius of CNO depends strongly on the location of shock wave.
・At 136 ms, CNO starts just after the shock radius.
・At 186 ms, CNO is completely suppressed by high matter density.

Both CNO & halo scattering get free from matter after the shock wave.
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CNO w/o halo

The shock wave in iron-CCSN acts same as
the steep density gradient in O-Ne-Mg SNe!

We can calculate CNO including neutrino halo safely using BULB-like 
model.

4 B. Müller
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Figure 1. Density profiles of several low-mass supernova progenitors il-
lustrating the conditions for ECSN-like explosions. Profiles are shown for
the 8.8M� ECSN-progenitor of Nomoto (1984, 1987) (N8.8, black), the 8.8
M� “failed massive star” of Jones et al. (2013) (J8.8, purple), low-mass
iron core progenitors (A. Heger, private communication) of 9.6M� (z9.6,
with Z=0, red) and 8.1M� (u8.1, with Z = 10�4, blue), and iron progenitors
with 10.09M� and 15M� (s10.09 and s15, from Müller et al. 2016b, yellow
and cyan) and 11.2M� (s11.2 from Woosley et al. 2002, green). The thick
dashed vertical line roughly denotes the location of the shell that reaches the
shock 0.5 s after the onset of collapse. Slanted dashed lines roughly demar-
cate the regime where the accretion rate onto the shock reaches 0.05M� s�1

(thick dashed line), 5 ⇥ 10�3 M� s�1 (thin), and 5 ⇥ 10�4 M� s�1 (thin) (see
Section 2.1.2 for details and underlying assumptions). ECSN-like explosion
dynamics is expected if the density profile intersects the grey region.

2.1 Explosion Dynamics in ECSN-like Progenitors

2.1.1 Classical Electron-Capture Supernova Models
The steep density gradient outside the core in ECSN-like
progenitors is immediately relevant for the dynamics of the
ensuing supernova because it implies a rapid decline of the
mass accretion rate Ṁ as the edge of the core reaches the
stalled accretion shock. A rapid drop in Ṁ implies a decreas-
ing ram pressure ahead of the shock and a continuously in-
creasing shock radius (though the shock remains a stationary
accretion shock for at least ⇠50 ms after bounce and longer
for some ECSN-like progenitor models). Under these condi-
tions, neutrino heating can easily pump su�cient energy into
the gain region to make the accreted material unbound and
power runaway shock expansion. As a result, the neutrino-
driven mechanism works for ECSN-like progenitors even
under the assumption of spherical symmetry. Using modern
multi-group neutrino transport, this was demonstrated by Ki-
taura et al. (2006) for the progenitor of Nomoto (1984, 1987)
and confirmed in subsequent simulations by di↵erent groups
(Janka et al. 2008; Burrows et al. 2007b; Fischer et al. 2010).
The explosions are characterised by a small explosion en-
ergy of ⇠1050 erg (Kitaura et al. 2006; Janka et al. 2008) and
a small nickel mass of a few 10�3M� (Wanajo et al. 2009).

Even though multi-dimensional e↵ects are not crucial for
shock revival in these models, they are not completely neg-
ligible. Higher entropies at the bottom of the gain layer lead
to convective overturn driven by Rayleigh-Taylor instability

shortly after the explosion is initiated (Wanajo et al. 2011).
Simulations in axisymmetry (2D) showed that this leads to
a modest increase of the explosion energy in Janka et al.
(2008); an e↵ect which is somewhat larger in more recent
models (von Groote et al., in preparation). The e↵ect of
Rayleigh-Taylor overturn on the ejecta composition is, how-
ever, much more prominent (see Section 2.2).

2.1.2 Conditions for ECSN-like Explosion Dynamics
Not all of the newly available supernova progenitor mod-
els at the low-mass end (Jones et al. 2013, 2014; Woosley
& Heger 2015b) exhibit a similarly extreme density profile
as the model of Nomoto (1984, 1987); in some of them the
density gradient is considerably more shallow (Figure 1).
This prompts the questions: How steep a density gradient
is required outside the core to obtain an explosion that is
triggered by a rapid drop of the accretion rate and works
with no or little help from multi-D e↵ects? In reality, there
will obviously be a continuum between ECSN-like events
and neutrino-driven explosions of more massive stars, in
which multi-D e↵ects are crucial for achieving shock revival.
Nonetheless, a rough distinction between the two di↵erent
regimes is still useful, and can be based on the concept of
the critical neutrino luminosity of Burrows & Goshy (1993).

Burrows & Goshy (1993) showed that stationary accre-
tion flow onto a proto-neutron star in spherical symmetry
is no longer possible if the neutrino luminosity L⌫ (which
determines the amount of heating) exceeds a critical value
Lcrit(Ṁ) that is well approximated by a power law in Ṁ with
a small exponent, or, equivalently, if Ṁ drops below a thresh-
old value for a given luminosity. This concept has recently
been generalised (Janka 2012; Müller & Janka 2015; Summa
et al. 2016; Janka et al. 2016) to a critical relation for the
(electron-flavour) neutrino luminosity L⌫ and neutrino mean
energy E⌫ as a function of mass accretion rate Ṁ and proto-
neutron star mass M as well as additional correction factors,
e.g., for shock expansion due to non-radial instabilities.

For low-mass progenitors with tenuous shells outside the
core, M, L⌫, and E⌫ do not depend dramatically on the stel-
lar structure outside the core during the early post-bounce:
The proto-neutron star mass is inevitably M ⇡ 1.4M�, and
since the neutrino emission is dominated by the di↵usive
neutrino flux from the core, the neutrino emission proper-
ties are bound to be similar to the progenitor of Nomoto
(1984), i.e. one has L⌫ ⇠ 5 ⇥ 1052 erg s�1 and E⌫ ⇡ 11 MeV
(Hüdepohl et al. 2009), with a steady decrease of the lumi-
nosity towards later times. Using calibrated relations for the
“heating functional”2 L⌫E2

⌫ (Janka et al. 2016), this translates
into a critical mass accretion rate of Ṁcrit ⇡ 0.07M� s�1 for
ECSN-like progenitors.

To obtain similarly rapid shock expansion as for the
8.8M� model of Nomoto (1984), Ṁ must rapidly plummet
well below this value. This can be translated into a condi-

2This compact designation for L⌫E2
⌫ has been suggested to me by H.-

Th. Janka.

PASA (2016)
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BULB-like model

Neutrinos are newly considered to be emitted from halo sphere.
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Survival probability after CNO

No Halo With Halo

Electron
neutrinos

Anti-electron
neutrinos

At 136 ms.



35

Spectra after CNO
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Event rate

Assume a target at d=10kpc in the Galaxy.
Significant differences between no-CNO and inclusion of CNO.
Maximum difference is ~ 10% between no-halo and with-halo.

DUNE Super-K



• BULB model enables us to calculate CNO, but it is not 
sufficiently to treat the dimensionality problems. 

• Recent studies have investigated the beyond BULB model.
– Some symmetry breakings overcome matter suppression?

• We calculated CNO w/ halo in iron-CCSNe.
– Inside the shock wave, inward-going neutrinos can not be ignored, 

compared with outward ones.
– Outside the shock, the ratio is less than 10%.
– CNO starts from outside the shock.

• CNO w/ halo has additional flavor conversions over high
energy range.
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Conclusion


